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IX. The Plastic Distortion of Metals.

By G. I. Tavror, F.R.S., Yarrow Research Professor, and H. QuiNNEY, M.A.

(Received May 12, 1931-—Read June 25, 1931.)

THE plasticity of metals has been the subject of many recent papers but, owing to the
complexity of the subject, there is but little agreement between different researches.
Attempts to extract simple generalisations from the very complex phenomena have been
made chiefly in two directions (1) Engineers have used test bars of certain specially
simple form, such as uniform round bars which they have subjected to twisting or
tension, and they have found the effect on their test of varying physical conditions.
(2) Mathematicians have assumed an ideal plastic material and have given it proper-
ties which may or may not be possessed by some real material. They have then
analysed the distributions of stress and strain when this ideal material is subjected to
given external forces or distortions.

The main problem in plasticity is to determine the internal stresses and strains in a
plastic body when given external loads and strains are applied to its outer surfaces.
The common engineering tests are incapable of supplying information in any conditions
of stressing except those under which the particular test concerned was carried out,
thus a pure tensile test of an annealed copper bar yields a load-extension curve in which
the true elastic limit is extremely low, the load rapidly increases, with plastic extension.
A twisted bar yields a torque-angle curve of the same type and the relationship between
these two curves is a specially simple example of the type of problem which must be
investigated before it will be possible to analyse the internal stresses and strains in any
of the more complex problems of plastic distortion,such for instance as that of analysing
the internal stresses during the drawing of a wire through a draw plate. To connect
tests made with different types of loading it is necessary to develop some theory of
plasticity which takes account of the most essential observed properties of plastic
materials but leaves out of consideration those which appear to be of less importance
in connection with the particular set of phenomena under discussion. Thus it happens
that a theory which affords a useful means of representing plastic phenomena in a steel
which has a high elastic limit may concern itself with the conditions at the elastic limit,
defined as the stress at which the first deviation from perfect elasticity is observable.
For copper, however, the elastic limit is very low indeed, even after it has been hardened
by cold working. On the other hand, if a gradually increasing load of any type is applied
to annealed copper the distortion increases and if the load stops increasing the distortion
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324 G. I. TAYLOR AND H. QUINNEY ON

stops increasing, except for a very small increase which occurs at the highest loads
which copper can maintain. This increase is, however, too small to affect any of the
results given in this paper, so that at any stage of the process the metal may be said to
have a definite strength with regard to the particular type of stress which is being
applied. If the load be removed and gradually applied again, plastic distortion begins
at a load which is considerably lower than the maximum load applied during the first
loading, but the distortion remains very small till the highest load applied in the first
loading is reached. It then begins to increase rapidly and after quite small distortion
during the earliest stages of the second loading it has a strength which is identical with
that which it would have had if it had been loaded in one operation without the inter-
mediate unloading.
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This is represented in the curve, fig. 1, which shows the load-extension curve for an
annealed copper wire. At the points A;, A, ... the loads were removed and gradually
replaced. The stress strain curves during the removal of the load are shown as A;B,,
A;B, ... They correspond with an elastic contraction. The reloading curves are shown
as B E,C A, ByE,CoA; ... while the result of testing another piece of the same wire
without unloading at B,B, ... is shown as the continuous curve AA,;C,A,C, ... The
parts A,C;, A,C, where the curve for a continuously increasing load does not coincide
with that for the unloaded and reloaded wire are shown dotted in fig. 1. Tt will be
seen that on reloading a small but finite plastic distortion represented by the horizontal
projection of the dotted portion AC must be given to the metal before it attains the same
strength on the test piece which was never unloaded.
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THE PLASTIC DISTORTION OF METALS. 325

We thus distinguish two points on each reloading curve () the elastic limit repre-
sented by the points B, E, in fig. 1 and (s%) the points C; C, ... where the reloading
curve joins or becomes parallel to the load-extension curve for continuously increasing
load. The points E; E, do not seem to be very well defined, but we may define the
strength of the material under direct tension at the beginning of the second loading as
the ordinate at which the curve A, C; would, if produced backwards, cut the vertical
corresponding with the length of the specimen at the beginning of the second loading.
Since the curve A, C, when produced backwards is found as shown in fig. 1 to pass
through the point A,, this definition ensures that the strength of the material at the
beginning of the second loading shall be the same as that at the end of the first loading.

This interpretation of the strength of a plastic material makes it possible to compare
the strengths of the material when subjected to different distributions of stress. To
compare the strength of a circular tube in torsion with the strength under a direct load
one may first load the tube till the extension has some definite value, then remove the
load and start twisting. The torque-angle curve will be found to be similar to the part
B,E,C; A, of the curve in fig. 1 which corresponds to the second loading. It has a
very rapid rise corresponding with B, E, C, (fig. 1) followed by a gradual rise corresponding
with C; A,. The torque to be compared with the direct load at the end of the first
loading of the tube is that found by producing the second part of the torque-angle curve
backwards till it cuts the axis of zero angle. This process sounds rather artificial but in
actual operation it is very simple. The curves, figs. 6, a, b, ¢, are actual examples, the
produced portions of the curves being shown dotted. It will be seen that in every case
the early part of the curve is so steep compared with the succeeding portion which
corresponds with C; A, of fig. 1 that there is little latitude for possible variation in the
extrapolated torque corresponding with zero angle of twist.
~ The method just described for defining the strength of plastic materials is essentially

the same as that used by LopE in his work on the plasticity of soft metals. Tt applies
well to copper and annealed iron and to mild steel, but in the case of aluminium there
is in many cases an appreciable creep or gradually increasing strain with constant stress.
Under these conditions the stress-strain curve is not unique, but it is still possible to
discuss the relationship between the distortions produced by various distributions of
stress because on reloading a specimen after removing the initial load in the way
previously described for copper (see fig. 1) the load at which a rapid increase in strain
occurs is definite even though a slow creeping begins at a lower load.

After defining the strength of the material in this way we are in a position to compare
the behaviour of real materials with an ideal isotropic plastic body which has the property
that the resistance to distortion bears a definite relationship to the total amount of dis-
tortion from the initial annealed condition. A complete specification of the properties
of such a material must include (1) the particular function of the stress components
which must rise to a certain value (which defines the strength of the material) before
plastic flow begins ; (2) the relationship between the plastic distortion produced and

2 x 2
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326 G. I. TAYLOR AND H. QUINNEY ON

the type of applied stress ; (3) the relationship between the amount of distortion (cold
work) and the resistance to further distortion. Of these (1) has been the subject of
many researches which have resulted in the announcing of several mutually incompatible
laws, the best known of which are (a) the hypothesis known as GuEst’s law or MoHR’S
hypothesis that the maximum shear stress determines the beginning of plastic flow
independently of the other components of shear stress, and (b) von Mises’ hypothesis
that the sum of the squares of the principal shear stresses must rise to a given value
before plastic distortion begins. This we will call von Misgs’ first hypothesis to dis-
tinguish it from another which will be discussed later.

On the other hand (2) a knowledge of which is quite as necessary as (1) in many
problems of plasticity has received but little attention. The reason for this neglect
is, no doubt, that in the case of the simplest tests which can be applied to anisotropic or
plastic material, the density of which is unaltered by strain, the type of distortion which
occurs is simply a matter of symmetry, thus the only possible distortion of a uniform
tube under pure tension is a uniform extension parallel to its axis, together with a
uniform contraction of the material equal to half the extension in all directions at right
angles to the axis. In the case of a twisted tube the distortion must be a pure shear
which transforms generators of the tube into spirals without altering its external shape
or dimensions. If, however, these two types of stressing are combined, a tube being
subjected to direct tensile load and to torsion simultaneously, symmetry alone is not
sufficient to determine the resulting distortion, and it is by the use of tests of this kind
that we have investigated the relationship between distortion and stress distribution.

General Theory of Relationship between Stress and Strain in o Plastic Solid.

Specification of Stress—The mathematical specification of stress in a solid is discussed
in all books on elasticity. It can most simply be represented by means of a stress quadric*
which is so placed that its principal axes are in the direction of the principal stresses,
so that the components of shear stress parallel to the principal planes are zero. The
principal shear stresses t; 7, 75 are defined as the shear stresses parallel to the planes
which pass through one of the principal stress axes and are at 45° to the other two.
The stress acts in the direction at right angles to the principal stress axis which liesin
the plane concerned. If o4, 5,4, 65 are the principal stresses then

Ty = % (o3 — o03), Toy = % (65 — 51): Ty = % (0'1 = 03).

The importance of the principal shear stresses lies in the fact that it is found experi-
mentally that the addition of a total hydrostatic pressure to any stress system does not
produce any plastic strain. This depends only on the shear stresses. The addition of
a constant pressure to ¢y, 6, and o4 leaves t,, 7, and 75 unaffected so that =, 7,, 75 are
sufficient to define the stress system so far as plastic distortion is concerned ; and since

* Love’s ‘ Elasticity,” 4th ed., § 50.
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THE PLASTIC DISTORTION OF METALS. 327

Ty + 73 ++ 73 = 0, the direction and magnitude of two of the principal shear stresses
are sufficient to define the stress at any point. The equation to the stress quadric when
referred to the principal axes of stress is

6,2% + oy® + 0422 = constant. . . . . . . N Y

Specification of Strain.—Any small strain may be represented by a strain quadric*
which is a surface possessing the property that the reciprocal of the square of its central
radius vector in any direction is proportional to the extension of a line in that direction.
The principal planes of this quadric are so orientated that there is no component of
shearing strain parallel to them. The equation of the strain quadric referred to
its principal axes is

ex? + ey? + eg2? = constant . . . . . . . . .. (2)

where e, e,, e; are the (small) extensions in the directions of the principal axes. In the
case of materials which do not change their density during distortion

e + e, + e3 = 0.

Directional Relationship between Stress and Strain.—All experiments on the plasticity
of metals which we have been able to find recorded have been carried out under conditions
in which symmetry alone ensures that the directions of the principal axes of stress shall
be identical with those of strain. Thus in the case of a uniform bar extended by a
direct load the stress and strain quadrics are both spheroids with the principal axis of
revolution in the direction of the axis of the bar. In all theories of plastic flow in
isotropic solids such as that of Levy and von Mises’ it has been assumed without
experimental test and sometimes without any explicit statement that the directions of
the principal stresses are identical with those of principal strains. Tt is difficult to
imagine any other relationship between these directions, but it is worth while noticing
that any departure from isotropy in the material might be expected to falsify this
relationship unless, as in the case of a drawn metal rod or tube under direct load, the
directions of principal stress are identical with the principal directions of the non-
isotropic properties. In the work which will be described later, experiments are carried
out in which the directions of the principal stresses are variable at will and it is proved
experimentally that the directions of the axes of the stress quadric do in fact coincide
with those of the strain quadrie.

Other Relationships between Stress and Strain.—When the directions of the principal
axes of stress are known the complete specification of stress contains two variables,
which may be regarded as (1) the absolute magnitude of any one of the principal shear
stresses or of any homogeneous function of them, and (2) any one ratio between the
principal shear stresses or between linear combinations of them. The same remarks

* Love’s ‘ Elasticity,” 4th ed., § 11.
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328 G. I. TAYLOR AND H. QUINNEY ON

apply to the specification of strain. When there is no change of density and the
directions of the principal axes are known, two variables only are needed for the
complete specification of any small strain. These variables will now be considered
separately.

1. (@) Absolute Magnitude of Stress.—With a plastic body of the type here considered a
definite stress is required to produce a small plastic strain, and various empirical laws
have been put forward to represent the strength of the material to resist different types
of stress; thus according to MonR’s hypothesis or GursT’s law, plastic strain takes
place when the absolute value of either =, or 7, or 7, rises to a certain value «. According
to the first hypothesis of von Misgs, plastic strain begins when =, + 7,2 4 752 rises
to the value 2«2. In either case « is defined as half the lowest direct stress at which a
tensile specimen can be extended plastically. On applying these empirical laws to
the case of a tube twisted by application of a torque after the value of « has been
determined by a direct tensile test it will be seen that according to MoHR’s hypothesis
the greatest of the principal shear stresses in torsion should be «, while according to
that of vonx Misgs’ it should be 2«/4/8. The comparison between the strengths of tubes
under direct load and under torsion therefore affords a means of comparing these
theories. The experiments to be described later verify the substantial accuracy of von
Mises’ hypothesis in the case of copper and aluminium, not only in the case of the
particular stress distribution of a twisted tube, but for all ratios of the principal shear
stresses.

1. (b) Absolute Magnitude of Strain.—The absolute magnitude of the strain when any
given stress is applied depends on the rate of increase in strength of the material with
increasing strain. This varies very widely with the material, and for the present at any
rate we may without loss of interest regard it as indeterminate.

2. For any given material the ratio of any pair of principal shear stresses may be
regarded as a definite function of the ratio of the corresponding shear strains. von Misks
has proposed the law that these ratios are always equal to one another as can be proved
to be the case for a viscous fluid. This hypothesis will be called von Mises’ second
hypothesis. It is worth noticing that if the stress system be reduced by addition or
subtraction of a uniform hydrostatic pressure to one in which o; 46, 463 =0 vVoN
Mises’” second hypothesis may be completely expressed by the statement that the
stress quadric is similar and similarly orientated to the strain quadric.

Work of LobDE.

The only work in which these theories have been put to the test of experiment seems
to be that of Lopr* who tested thin-walled metal tubes under direct load when subjected
simultaneously to internal pressure. By varying the ratio of the internal pressure to

* ¢ Versuche iiber den Einfluss der Mittleren Hauptspannung auf das Fliessen der Metalle Eisen Kupfer
und Nickel,” ¢ Z. Physik,” vol. 36, p. 913 (1926).
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the direct load he was able to obtain all possible ratios of the principal shear stresses and
by measuring the extension and also change in the diameter of the tube he was able
to measure the ratios of the corresponding principal shear stresses. It has already been
pointed out that the ratio of any two independent linear combinations of shear stresses
can be used to define the stress. The particular combination used by LopE was

01 — O3

and the corresponding variable for defining the strain was

v =2(——-——62—63>—“1
€ — €3
where ¢, was the extension of the material in the direction of the length of the tube, e,
was that in the direction of the radius and e, was the tangential extension obtained by

measuring the change in mean radius of the tube. According to vox MisEs’ second
theory the relationship p = v should hold.

+12
Fe, Cd, Ni

w

as 7
. /

“e . /
.

W 0F QF 0V <02 00 02 o0V 08 of 40
O—btt

Fia. 2.

Lopg’s results are shown in fig. 2 where the ordinates represent v while the abscisse
are p. Since LopE’s tubes were thin-walled the stress s, may be considered as great
compared with ¢; and LoDE took o; =0, so that p = 26,/5; — 1. When there was
no internal pressure ¢, = 0, so that w = — 1, and as o, increased p increased from
-1 thi'ough zero till when o, =¢,, p = -4 1. Further increases in o, were not
considered hecause in an isotropic material it is sufficient to limit the range of
experiment to cases for which ¢, > 6, > o;.
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330 G. I. TAYLOR AND H. QUINNEY ON

For an isotropic material the stress quadric degenerates into a spheroid when
w=—1,0 or 41,

so that symmetry alone necessitates that p = v at those three points.

On examining Lope’s diagram, fig. 2, it will be seen that some of the experimental
points, particularly for w = — 1, which correspond with direct tension in the absence
of internal pressure, do not satisfy this condition so that either there is a considerable
possible error in the measurements or else the tubes were not isotropic. In spite of the
fact that the probable error appears to be of about the same order as the effect measured
LopEg’s results seem to show a distinet tendency for the absolute value of v to be less
than that of u.

In view of the uncertainty so clearly shown in Lopg’s diagram, fig. 2, it cannot be
definitely stated whether voN Mises’ hypothesis that p = v is true or untrue, it was
largely to find out whether another method could be devised to give more reliable results
that the work here described was undertaken.

Method of the Present Work.

The method adopted for obtaining all possible ratios of the principal shear stresses
was to subject a tube simultaneously to a direct load and to torsion. By adjusting the
ratio of direct load to torque any desired value of p between —1 for no torque and 0 for
no direct load could be obtained.  This covers the whole range of ratios of principal
shear stresses because for an isotropic material symmetry shows that the p, v curve
must be symmetrical about the point . = 0, v = 0. In searching for the most probable
sources of error in LoDE’s experiments attention was concentrated first on testing tubes
for want of isotropy so that the results with non-isotropic tubes could be rejected, and
secondly on improving on LopE’s method of measuring changes in diameter of the tubes.
Both these objects were attained by the same device, namely, measuring the change in
internal volume of the tube during the strain by filling it with water and measuring the
movement of the water column in a capillary tube which was directly connected with the
tube under test.

Each tube under test was first extended by means of a total load W, applied directly,
and the change in internal volume measured. It is clear that when a tube of isotropic
material, which does not change its density under strain, is stretched there should be
no change in internal volume, because each element of the wall of the tube contracts
equally in all directions at right angles to itslength, so that the ratio of the internal to
external diameter will remain unchanged. Hence the ratio of the volume of the bore
(¢.e., the space inside the inner surface of the tube), to that of the material of the tube
(i.e., the space between the walls of the tube) remains unchanged, and consequently
since the change in density is assumed zero the internal volume must remain unchanged
by the stretching. After any end effects have been eliminated any change in internal
volume on stretching by a direct load indicates either that the material is not isotropic
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or that there is an appreciable change in density on stretching. The change in density
can be measured independently and in the case of copper and aluminium it is found to
be very small. The change in internal volume which results from the small measured
change in density can be calculated, and if for any particular tube the observed change in
internal volume was found to be much greater than this (as sometimes occurred under
special heat treatment) the tube was rejected.

The load was next partially removed till a fraction mW (0 < m < 1) remained and a
gradually increasing torque applied, the angle of twist and the extension being measured.
The torque-angle curve and the twist-extension curve were thus obtained, specimens
of these are given in fig. 7, @, b, ¢. At the same time the change in internal volume was
measured and expressed in terms of the extension. Specimens of the resulting curves
are shown in fig. 8.

By varying m from 0 to 1 these measurements make possible : (i) a comparison
between the strength of the material under direct load and that under any other ratios
of shear stresses, so that von Mises’ first hypothesis can be compared with that of Monr
and GUEsT, (ii) a verification that the orientations of the principal axes of stress coincide
with those of strain, (iii) measurements of v in terms of ., and hence a test of von Misgs’
second hypothesis that . = v. The method is particularly suitable for testing whether
w = v, because if p = v the internal volume remains unchanged whatever combination
of direct load and torque is applied. Hence the measured changes in internal volume
afford a means of making a direct measurement of deviations from the expected
relationship.

Analysis of Stress and Strain in a Thin-walled Tube subjected to Combined Direct Load
and Torque.

To represent the stress and strain quadrics axes through any point in the material of

the tube are taken, x parallel to the length of the tube, y tangential, z radial. The

scheme is shown in fig. 3. If mW is the total load, 7,, the mean radius of cross section

Xx.
ey g

(@) Strain. A

[ll‘* |
|
|

N

(b) Stress.

az

VOL. COXXX.—A 2Y
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of the tube, ¢ its thickness, G the applied torque, the stress system is represented in the
usual notation by

X,=mPy=P="W_ vy _o 7z =0
2nr,t
B R 3)
X, = 8= 5o, Y.—0, Z.—0|

where P, is the stress in the material at the end of the first loading, P is the stress in the
direction of the length of the tube during the combined stress, and 8 is the shear stress.
We may suppose that a length [, of the material is first stretched to length

=1y (1 + )

by direct load. Next, owing to the action of the combined direct load mW and torque
G the tube stretches to length I 4 37 and twists through an angle x. This strain may be
represented by the components

€rr = 6, eyyz_%e—j; ezz:_%e '_|_.f1 (4)
_ ¢ —o0, 6. =0 j .......

e, »

The extension ’
e = 3/l = 81/l (1 + &).

The shear s = r,x/l and since the material does not change in density during the

extension from [y to I, 7, = 7,0 (1 + €)%, where r,, is the mean radius of the tube

before the first stretching. Hence

s=Tul* (1 4+e)Fx. . . . . . ... ... (5)

As has already been pointed out if the density and internal volume of the tube do not
change e, = e, = — 4e so that the strain f in (4)is proportional to the change in
internal volume, in fact

change in internal volume _ , change in radius | change in length
internal volume of tube mean radius length
=2, +e=—2f .. ... ... (6)

The strain quadric is
ex? — ( e+ f)y* — (Je —f) 22 + swy = constant. . . . . . . (7)
To find the direction of its principal axes put
x=a"cos ¢ — ¥y sin ¢, y=ao'sin ¢ +9ycosd. . .. .. (8)
The strain quadric then becomes
2% {e cos® ¢ — (fe 4 f) sin® ¢ + s sin ¢ cos ¢}
+ ¢ {esin® ¢ — (3¢ + f) cos® ¢ — s cos ¢ sin ¢} |
+ o'y {—(Ge+f)sin2¢ +scos 24} —(Fe—f) 22 =0. . . . .. 9)
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The strain quadric is now referred to its prineipal axes if the coefficient of #’ %’ is zero,
v.e., if
tan 2¢ = s/(Be+f) . . . . ... ... L. (10)

and substituting this value of ¢ in the coefficients of > and 4 in (9)

the principal extensions are found to be

o = e — 3f + (e + 3) sec 24
g =426 —3f— (3e+Lf)sec2é >. . . . .. . .. (11)
ee=—%e+f f

It will be noticed that e, > e, > e;. The directional relationships between these

quantities are shown in fig. 3a.
Using LopE’s variable

v =2<————eﬂ_63>— 1

& — €
it will be found that
v = <%‘ﬁ§> oS 2. . . . . ... ... (12)
The stress quadric is ‘
Pa? + 282y = constant . . . . . . . . . .. (13)
and substituting
z=2aocos b —y'sinh, y=2asnb-y cosb

this becomes
2% (P cos® 6 28 cos 0 sin 0) 44 (P sin® 6 — 28 cos 6 sin 6)
+ 22’y {— P cos 0 sin 6 |- 8 (cos® 6 — sin® 6)} = constant. . . . (14)

If 6 is now chosen so that 'y’ are principal axes of stress, the coefficient of 'y’ in (14)

1s zero so that
tan20 =28/P. . . . . . . ... ... (15)

The principal stresses are then
6, =4P (1 +sec20), o,=0, o;==%P(1 —sec20). .. . (16)
The directions of these stresses are shown in fig. 3b. Lobz’s variable

Gy — O3
=222 "7
61—63

—1
is found from (1 6) to be :
p=—cos20. . . . . . ... ... (17)

Comparing (6), (12) and (17) it will be seen that if there is no change in internal volume
of the tube during distortion so that f = 0, v = — cos ¢, and if in addition the directions
of the principal axes of stress and strain are the same so that 6 = ¢, then w = v. Thus
after verifying experimentally that 6 = ¢, as is done later in Table II, the observed

2v 2
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change in internal volume is a measure of the deviation from von Misgs’ relationship in
accordance with the equation

1
v 2.
p 2
1+3e

Relationship between m and S|P, dccm‘dz'ng to MonRr’s and von Mises’ Hypotheses.

It seems clear that when m is nearly equal to 1, so that the direct load is only slightly
reduced after the first stretching, a small torque will suffice to cause plastic distortion.
When m = 0, so that there is no direct load, as we have already seen S/P, = 0-5 according
to MoHR’s hypothesis that the maximum principal shear stress alone determines whether
plastic distortion shall occur, and S/P, = 1/4/3 according to voN Mises’ hypothesis. To
calculate the intermediate values we may use the expressions for o, o,, 65 given in (16).
According to MoHR’s hypothesis 6; — o3 = P, so that from (16) 6, — 63 = P sec 26 =P,
and P/P, = m, so that

and since 25/P = tan 20,
1 b1 —mP\
S/Py = $m tan 206 = %m(—”?‘ — 1> . < 1 ) C e (18B)

According to voN Misgs’ first hypothesis

(61 — ) + (02 — 05 + (05 — 01)* = 2P;°
so that from (16) '

' 1P2 (1 + sec 20)% + 1P? (1 — sec 20)2 4 P2 sec? 20 = 2P,?
or since
P=mP,m?(3+35sec220)=2. . . . . ... . . (194)
Hence

—_ t
8/P, = m tan 20 = <1 3m2> .......... (198)

Ezxperimental Details.

A sketch of the apparatus used is shown in fig. 4. The tube under test which is about
} inch external diameter is shown as A. BB are the upper and lower fixings for gripping
the ends of the tube. The upper fixing B is supported by a steel ball C on a fixed
support by means of a connecting carriage D which is prevented from rotating by fixed
stops EE’. A cylindrical drum F, 8 inches diameter, rests on the lower end fixing, B'.
The direct load W is attached to this through a steel ball pivot similar to that at the top
but not shown in the sketch, and the torque is applied by means of threads passing over
ball-bearing pulleys GG’ supporting equal weights pp, The angle of twist is measured
by a fixed pointer H reading on a protractor K fixed to the upper surface of the drum F.
The change in internal volume is measured by reading the position of the meniscus J
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of the water in the capillary tube L on the scale M. The capillary tube is connected with
the upper end fixing B and the whole apparatus filled with water through the glass stop-
cock O at the lowest point of the lower fixing B’. The extensions are read by telescopes
(not shown in fig. 4) mounted on a vertical steel rod. These can be focussed either on
fine ring marks QQ on the specimen or on the upper carriage D and on a corresponding
steel point R attached to the axis of the lower fixing B’ in such a way that it can be
centralised so that it remains in focus during the rotation of the drum F.

The chief difficulty in the design of the apparatus lay in making end fixings which
would remain watertight when the tube was stretched and at the same time limit to a
small area the end effects or variation of the distortion at the end from the uniform

D
[P Mp———

Fie. 5.

state of the middle of the tube. This was accomplished by expanding the ends of the
specimens into conical flanges by means of a specially designed press. The ends, so
formed, were then gripped in the end fixings BB’ of fig. 4. These are shown in detail
in fig. 5. In this diagram A is the specimen with its conical ends. C is a steel sleeve
(split for convenience) with conical upper and lower faces. J is a conical plug with a
central hole to let the water through and a plane upper face which makes a watertight
seating in the upper nut L of the fixing. The lower nut F which rests on the carriage
is split and threaded with a deep thread so that by screwing the two parts L and F hard
together a great pressure can be brought to act on the flanged upper portion of the
specimen. The large distortions so produced in the material of the conical flange harden
copper, iron and aluminium to such an extent that when the tube is afterwards stretched
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no observable plastic flow takes place in the material of the flange. The stretching in
fact, begins at the corner D where the flange connects with the parallel part of the tube.
The ring R is merely used for holding the two portions of the split nut F in place.

It will be noticed that in this description the sleeve C plays no part, it might, in fact,
be part of F, when the apparatus is used in the manner described. When it was used
for soft metals like lead and cadmium which do not harden appreciably by cold work it
was found that the method just described does not ensure that there shall be no flow
inside the material of the flange. In these cases, therefore, a cylindrical steel plug with
a small central hole was made to fit the bore of specimen. The flat faces of the split
sleeve C were then filed so that when the nut L was screwed home, the soft metal was
gripped between the split sleeve C and the eylindrical plug. In this way it was found
possible to grip lead tube.

To fill the apparatus with water the plug O and the capillary tube T were unscrewed,
alcohol was then passed through from the stopcock in the lower fixing (see fig. 4) in
order to remove grease. Distilled water from which air had been removed by boiling
was then passed through till it overflowed at O (fig. 5). The plug O was then replaced
and afterwards the capillary tube T, the water flowing all the time. To regulate the
position of the water meniscus in T the water was allowed to flow back through the
apparatus by opening the lower stopcock. As a final test whether any bubbles were
caught in the apparatus air pressure was applied to the capillary tube. If the meniscus
moved an appreciable distance down the tube, bubbles were indicated and no tests were
carried out till they had been removed.

In planning the work it had been intended to do all tests with two different lengths of
tube so that by subtracting the results of the two sets of measurements from one another
end effects could be eliminated, but on carrying out this plan in a few cases, it was found
that the end effects were too small to be appreciable when the tube was 113 inches
long by % inch diameter. Accordingly tubes of this length were used throughout the
experiments and no allowance was made for end effects.

Heat Treatment.

The copper tubes were supplied in a hardened condition and they were annealed at
650°C. for about 36 hours. This produced grains the linear dimensions of which were
small compared with the wall thickness. For comparison we also annealed some tubes
after a slight straining at considerably higher temperatures. The large grains thus
produced in many cases stretched from the inner to the outer wall, and in these cases
we found that the material behaves in regard to distortion as though it were not
isotropic. This question is discussed later in connection with fig. 8.

The copper tubes were composed of what the makers described as high conductivity
copper, containing not more than 0-2 per cent. impurity. A comparison between the
mechanical properties of these tubes and those of electrolytic copper wire of the highest
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purity obtainable, commercially, showed us that the small amount of impurity present
in our tubes was not sufficient to make them differ appreciably from what might be
expected if we had been able to use electrolytic copper throughout.

The aluminium tubes were supplied in a small-grained annealed condition and no heat
treatment was required. The aluminium was described by the makers as containing
99-7 to 99-8 per cent. aluminium.

The mild steel was too hard in the condition in which it was supplied. Its carbon
content was from 0-12 to 0-18 per cent. It was, therefore, annealed n vacuo at about
920°C. In some cases the same mild steel was decarbonised in a stream of hydrogen at
920°. This gave large crystals and the results of our experiments again indicated that
the material so treated did not behave in an isotropic manner. To obtain smaller
crystals some of the tubes were decarburised at 650° C. for five or six days. These tubes
were found to behave more like small-grained copper tubes though they still appeared
to be less isotropic in regard to their distortion.

Numerical Dato.

- Diameter of torque drum 8-22 inches.

Copper Tubes.—l, = 11-5 inches, external diameter 0-248 inches, ¢ = 0-0386 inches,
7., = 0-106 inches,* initial area of section = 27, ¢t = 0-02395 sq. inches.

_mW (1 +e)
P—--——-——().02395 C e e e .o o (204)
S = 8:22p (1 + e)* = 3230 (1 4 )% p lbs. per sq. inch. . . . (214)

(0-02395) (0-106)

where p is the weight in Ibs. in the scale pans of the torque system

2s — 2,
tan 2¢ 3¢ (1 2f/6)_ 3 ( +60 3f/e ( )
or if y is measured in degrees instead of angular measure

tan 2¢ = 0-001234 (1 -+ &)~ (1 +§f/e)—1<8£l>. ... .. (22a)

To connect the reading of the meniscus in the capillary tube with f/e, the area of cross-
section of the capillary is 0:0002607 sq. inches, so thatif d is the increase in the reading

* It willbe seen that ¢ is not very small compared with 7., calculations were made to find the values
of the errors introduced by neglecting ¢ in comparison with 7y, and it was found that in all the formule
the error depended on neglecting (§¢/rm,)? in comparison with unity. In our tubes (3¢/rs,)? was about
0-01 and we estimate that the maximum error in any of our results which can arise from the neglect of
(3 t/rmo)? in comparison with unity is 3 per cent., the average being about 2 per cent.
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of the meniscus in the capillary tube expressed in inches when the length of the specimen
1s increased by 8 I, then from (6)

_0-0002607
2= [@1°5) () (0-106¢ 000654,
and remembering that
o al
o TRt e
this gives ,
{ — 0-0037 (1 +e0)§lz ......... . (23a)

Aluminium Tubes.=l, = 11-5 inches, external diameter 0-2516 inches, ¢ = 0-0352
inches, 7,,, = 0-1082 inches, initial area of section 0-0240 sq. inches.

_mW (1l +e)
PR (20B)
S=38190(1+4e)ip . o« oo vi i (21B)
tan 2¢ — 0-00126 (1 + ¢;)~* <1 43 é)ﬂ (%%) ...... (228)
I — 0-00: 4
L =0-00355 (1 + &) (sl) ............. (23B)

Iron and Steel Tubes.—l, = 11-5 inches, external diameter 0-2487 inches,
Tmo = 01054 inches, initial area of cross-section 0+02507 sq. inches.

_mW(1+e)
P= TOOBR0T . e (200)
S=3112(LFeP - o o v o e (21¢)
— -1 2 [\ 'E) ,
tan 2¢ = 0.001226 (1 + ¢,) <1 +2 e) ( S) e (220)
= 0-00373 (1 + e )( i) ........... (230)
0 \Sl P
Representation of Results.

The results of the measurements can best be presented in the form of curves showing
the relationship between various pairs of simultaneous measurements.

Torque-extension.—The torque-extension curves for copper are given for various
values of m in fig. 6, a, for aluminium fig. 6, b, for mild steel and decarburised iron in
fig. 6, c. It will be seen that in all cases except two the second or slowly rising portion
has been produced backwards in a broken line to the axis to obtain the virtual value
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-of p corresponding with the beginning of plastic distortion in the idealised plastic
body. It will be seen that there is little scope for ambiguity in the values of p so
obtained. These values are given in the sixth line of Table I. The values of p for
copper tube E for which m = 0-025 and the mild steel tube for which m =0-1 were
obtained in a similar manner, but the torque-angle curve was found to be more
satisfactory than the torque-extension curve in these cases because the extension
for small values of m is too small, most of the distortion being due to twisting.
The values of p given in Table I were inserted in formule 21, a, b and ¢ to obtain
the values of S given in line 7 of Table I. The complete data concerning the initial
stretching including P, the direct stress at the end of the first direct loading and
1 -+ ¢, are given in lines 4 and 5 of Table I. The values of tan 20 = 28/mP, are
given in line 8.

Twist-extension.—The twist-extension curves are given in figs. 7, a, b and c. It will
be seen that in all cases the observed points fall remarkably well on straight lines.
From these lines can be found directly the ratio /8! needed in formule (22, 4, B, C)
for calculating ¢, the angle of inclination of the axes of the strain ellipsoid to the
centre lines of the specimen. The values of y /8 so found are given in line 9 of Table I.

Change in Internal Volume-extension.

In every test the position of the water meniscus in the capillary tube was recorded
both during the initial direct loading of the specimen and during the subsequent com-
bined direct load and torque. Two typical specimens of the resulting curves are shown
in fig. 8 with the actual observations from which the curves are drawn. The initial
state is represented by A in each case. The changes in volume during the initial direct
loading are shown in the portion A B of each curve, while the effect of applying combined
torque and direct load is shown in the portion B C in each case. It will be seen that
in the case of aluminium there is a small increase in internal volume. Since we were
unable to account for this increase either as an elastic effect, an effect of the small change
in density, or as an end effect, we came to the conclusion that it must be the result of a
small residual want of isotropy in the material which had not been removed by heat
treatment. The same remarks apply to the copper, but in this case there is a decrease
in volume instead of an increase. On starting the compound twist and direct load with
copper, iron or aluminium tubes there was In every case a comparatively large decrease
in internal volume represented by the portions B C of the curves. And it was the slope
of B C which was used in every case to determine the ratio d/3] used in connection with
formulee (23, 4, B, ¢), for determining f/e.

That a large change in internal volume during a direct extension can occur owing to
want of isotropy is shown very clearly by the broken curve in fig. 8 which was obtained
with a copper tube which had been annealed at such a temperature that the crystal
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grains were very large, in fact, many of them stretched through the whole thickness of
the walls from the inner to the outer surface of the tube. The existence of crystals
comparable in linear dimensions with the thickness of the wall of the tube might be
expected to make the tube behave as though the material were not isotropic, for in that
case the resistance to a type of distortion which involves principally contraction of the
material in the radial direction might be very different from a distortion which involves
principally contraction in the tangential direction. All results obtained from tubes
which showed increases or decreases in volume during the initial direct extension compar-
able with those obtained during the combined torsion and extension were rejected on the
ground that the material of which they are composed is not isotropic or that it behaves
as an anisotropic material.

In determining the ratio d/31 for various values of m the slopes of the curves of volume
change are required only during the action of the combined stress system. In order to
facilitate comparison between results for different values of m the portions B C of all
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curves similar to those shown in fig. 8 are collected together in the three figures, 9, a,
which refers to copper tubes, 9, b to aluminium and 9, ¢ to steel. It will be seen that all
these curves are, within the limits of accuracy of our measurements, straight lines.
The change in internal volume is therefore proportional to the extension, and the values
of the ratio d/3] taken from figs. 9, a, b and ¢ are given in line 10 of Table I. The
values of f/e obtained from formulee 23, 4, B and ¢ are given in line 11 of Table I. The
values of tan 2 ¢ calculated by means of formule 22, A, B, ¢ from the figures for
%/31 and f/e given in lines 9 and 11 are given in line 12 of Table 1.
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Interpretation of Results.

Orientation of the principal axes of Stress and Strain.—The inclinations 6 and ¢ of the
principal axes of stress and strain respectively to the axis of the tube are collected
in Table II. It will be seen that the agreement is very good in all cases except that of
copper tube A. The maximum angle between the measured orientation of the principal

~stress axes and the principal strain axes, d.e., 6 — ¢ is 1-9 degrees, the average
difference taken without regard to sign being 0-64°. If it is assumed that the
tubes are isotropic on account of the heat treatment they have received this table,
showing that 6 = ¢, may be taken as proving that the principal axes of stress and
strain in an isotropic plastic material are coincident. If on the other hand this
~is taken as axiomatic in the definition of isotropic material then the figures in
Table IT may be taken as indicating that the material of the tubes is isotropic.
Relationship between ratios of principal shear stresses and ratios of corresponding
principal shear strains, i.e., between p and v.—Taking the values of 8 and ¢ from
Table II and the value of f/e from Table I, the values of p = — cos 26 and

= _——l—lq_———_;_?r/{;@ cos 2¢ shown in Table IIT were calculated. These are plotted for
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copper, iron and aluminium separately in the curves of fig. 10. It will be seen that
the deviation from vox Mises’ assumed relationship p = v which was suspected by
LobE is definitely established. ~Comparing fig. 10, which covers the range p = —1
to u =0, with Lopr’s diagram (fig. 2), which covers the range p = — 1 to u = + 1,
it will be seen that fig. 10 corresponds with the lower left-hand quarter of LopE’s
diagram, but the condition of symmetry in an isotropic material ensures that the
(wv) curve shall be symmetrical about the point w = 0, v = 0, so that fig. 10 covers
the whole range of all possible ratios of the principal shear stresses and strains. It
will be seen that the scattering which is so notable a feature of the points in Lopr’s
diagram has disappeared, the points in fig. 10 lying on a curve which is very similar to
that shown in fig. 2 which Lope marked on his diagram to represent roughly the most
probable variation of v with p.
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Fic. 10.

Comparison with Plasticity of Glass at High Temperatures.

It has already been pointed out that von Mises’ second assumption that p =v
would be true if the equations of plastic flow were identical with those of a very viscous
fluid. Tt is known that when glass is heated to such a temperature that it flows slowly
under a direct load or a bending load, it behaves like a very viscous fluid and in fact
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slow plastic distortion of this type is used in order to measure the viscosity of glass at
temperatures at which it is beginning to soften. As has been mentioned in connection
with plastic flow in metals, most of these tests have been carried out under conditions
like that of extension under a direct load, where the type of distortion is determined by
the condition of symmetry alone.

Experiments on the plasticity of glass have in fact been limited to determining the
rate of distortion for different loads under varying conditions of temperature, etc. It
seems that there would be no inconsistency in any existing experiments if the distortion
of glass under load were not that of a very viscous fluid but were similar to that of metals
for which v is not equal to w. It seemed worth while therefore to carry out tests with
glass tubes similar to those already described with metal tubes. These are described in
the Appendix. It was found that the change in volume of the bore of a heated glass
tube subjected to combined load and extension was so small as to be hardly measurable.
The small volume changes actually measured were used to calculate and w and v, and
the points so obtained are marked in fig. 10. It will be seen that in the case of glass,
voN Misgs’ second hypothesis y = v is fulfilled, the small deviation of the observed points
from the straight line u = v being due partly to experimental error and partly to the
fact that the thickness of the wall is not quite negligible. This indicates not only that
heated glass does behave like a viscous fluid in regard to its distortion, but also that
the method of measuring p. and v by observing changes in internal volume of a tube
under combined extension and twisting is susceptible of considerable accuracy.

Expervments with Lead and Cadmium.

It was found that lead tubes and cadmium tubes change their internal volumes much
less than copper, iron or aluminium tubes when subjected to combined extension and
twisting. In both cases we did not find that the change from pure extension to extension
combined with torsion produced a very definite bend in the curve connecting internal
volume with extension. This is shown in fig. 11. The part of the curve corresponding
with pure extension is from O to B. At the condition represented by B the load was
reduced and torque applied. The subsequent internal volume-extension curve is shown
as BCD. It will be seen that there is no very marked sudden bend in the curve at
B, such as always occurred with copper, aluminium and iron.

It was at first thought that the change in volume during the extension without torsion
was due to some end-effect, but a large number of different ways of fixing the ends
such as casting enlarged ends, gripping the ends round a steel peg to keep the tube
from collapsing inwards, and soldering on brass end pieces, all gave the same result,
so that we were forced to the conclusion that the effect is a real one and that the tubes
therefore behave as though they are not isotropic.

For the purpose of comparison with copper and aluminium we calculated the values
of p. and v from the observed slopes of the parts CD of the curves of fig. 11 and the

VOL. CCXXX.—A. 3 A
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results are marked on fig. 10, but in view of the fact that the early parts of the curve
were not horizontal we are not inclined to place much confidence in the accuracy of the
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result. Subject to these remarks, however, it will be seen that lead and cadmium
behave in a manner which is intermediate between that of iron and copper and that of
glass.

Comparison between VON MISES® first hypothesis for the stress at which plastic distortion
begins, namely, ©* + 72 + w52 = 22 and MoHR’S hypothesis | ;| = «.

The consequences of these two hypotheses in terms of the quantities measured in
combined twist-extension experiments have been expressed in equations (18) and (19).
It will be seen that there are two separate methods by which the two hypotheses can
be compared based on (1) equations (188) and (19B), and (2) equations (18a) and (194a).

(1) The observed values of S/P, can be plotted against values of m. The resulting
curve on either hypothesis should be an ellipse, but von Mises’ hypothesis leads to

—_— 2\% . . . .
an ellipse S/Py = <1 Sm) which has ordinates 2/4/3 times as great as the corre-

2\ &

m ) appropriate to Morr’s hypothesis. The comparison

4
between the observed values of S/P, and the values predicted on Monr’s and von Mises’
hypotheses are given in Table IV and are represented in the figs. 12, ¢, b, ¢, where the
two ellipses are also marked. It will be seen that in the cases of copper and aluminium,
voN MisEs’ hypothesis fits the observations within the limits of experimental error.

(2) A more interesting comparison can be made by means of equations (184)and (194).

sponding ellipse S/P, = <
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These equations give the relationship between m and 6 according to the two hypotheses
and if used directly depend on the same experimental data as those given in Table IV.
On the other hand if it is assumed, as it has by all previous writers on plasticity of
isotropic materials, that 6 = ¢, then equations (184) and (19a) may be used to give the
relationship between m and ¢ ; thus according to MoHR’S hypothesis

msec 2¢ = m V1 +tan? 2¢ =1

and according to voN Mises’ hypothesis m /1 4 0:75 tan® 2¢ = 1. Now m is the
ratio of the direct load applied during the combined stress to the maximum direct load
during the preliminary direct stress. This is a straightforward measurement to which
no ambiguity can attach. ¢ is derived from the linear relationship between the observed
extension and the observed twist during the application of the combined 109d. The
assumption that 6 = ¢ therefore makes possible a comparison between von Misgs’ and
Momr’s hypotheses which is quite independent of the measurements p given in line 6 of
Table I, which were found by producing backwards the flat parts of the torque-extension
curves in the dotted lines of figs. 6, a, b and c.

The comparison between m /1 + tan? 2¢ and m /1 4-0-75 tan? 2¢ with 1-00
therefore provides a method of comparing Monr’s and von Mises’ hypotheses without
the necessity for the theoretically ambiguous proceeding used to obtain p from figs. 6, a,
b and ¢. This comparison is given in Table V and it will be seen that in the case of
copper and aluminium it provides a striking confirmation of vox Mises’ hypothesis.  For
copper the average value of m /1 4 0-75 tan? 2¢ is 1.006 while the average value
of mA/1 4 tan® 2¢ is 1-082. The greatest deviation of m v/1 + 0-75 tan? 2¢ from
1-00 is 2-0 per cent. and the average deviation is only 0-9 per cent. The greatest value
of m /1 + tan? 2¢ 1s 1-138.

The case of aluminium prov1des confirmation of voN Mises’ hypothesis which is nearly
as good as that of copper, for the mean value of m V1 + 0-75 tan? 24 is 1000 while
the greatest deviation from 1-00 is 5 per cent. The mean value of m V1 -+ tan? 24 is
1-093, while the greatest deviation from 100 is 18+3 per cent.

Mild Steel and Iron.—For mild steel and decarburized mild steel the mean values of
m /1 I 0-75 tan2 2¢ were 1-059 and 1-078 respectively, while the mean values of
m /1 + tan® 2¢ were 1-144 and 1-187. Thus it appears that vox Mises’ hypothesis is
nearer the truth than Monr’s. '

Tt will be seen also that the experimental points in ﬁg 12¢ lie well above both the
theoretical ellipses, thus indicating that the strength for combined extension and
torsion is greater than that indicated in either of von MisEs’ or MoHR’S theories. Tt
seems proba.ble, however, that this is an effect due to want of isotropy for, as is shown
in fig. 12¢, it is more marked with specimens which had been heat-treated so that the ‘
crystal grains were larger than in those which had a less coarse structure. The change
in internal volume of steel tubes during the preliminary stretching indicated the same

342
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thing. It is well known that the load-extension curve for mild steel has the peculiar
property that after a certain definite extension (which depends on the heat treatment
and the carbon content) it ceases rising, becomes flat or even descending with increasing
extension. This flat part of the curve is succeeded by a further steady rise. This is
shown for one particular specimen in the upper curve in fig. 13. The corresponding
changes in internal volume of the tube in terms of the reading of the meniscus in the
capillary tube of our apparatus is shown on the same diagram. It will be seen that in
the elastic range which extends to about 500 lbs. load the internal volume increases.
This portion is shown as O A in fig. 13. This increase in volume is well known in the
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theory of elasticity. It depends on Porsson’s ratio, being zero for truly incompressible
substances with Po1ssoN’s ratio 0-5. When the material of the tube begins to yield
plastically the internal volume begins to decrease till at the point B where the load has
risen to 790 lbs. it begins to rise again. This change begins suddenly at the same
instant that the load ceases to increase with increasing extension and during the period
of constant or decreasing load the increase in internal volume is very rapid. At the
point C where the extension is 0-26 inches, i.e., 22 per cent., the load begins to increase
and simultaneously the internal volume decreases. These changes in internal volume
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are far greater than can be accounted for by the small changes in density which are known
to occur when mild steel is stretched plastically. They show therefore that the material
is not behaving in an isotropic manner in the tube.

In the case of decarburised mild steel the volume changes during the initial stretching
of the material are usually, but not always, greater than they are in the case of fine-
grained copper and aluminium. The load-extension and volume change curves for a
specimen of fine-grained decarburised mild steel are shown in fig. 13. It will be seen
that the removal of the carbon from the steel has removed the flat part of the load-
extension curve and also the discontinuities in the curve of change in internal volume.

Comparison between load-extension curve and complete shear, shear-stress curve.

It was pointed out above that for a complete solution of any problem in plasticity it is
necessary to know the resistance to further distortion after any given total strain. Many
observations have been made of the load-extention curve over a large range of strains
and some have been made of the torque-angle curve for round rods. The connection
between the torque-angle curve for a rod and that for a tube is known,*in fact one may be
deduced from the other by purely mathematical processes. From the torque-angle
curve for a tube, the shear stress—shear curve can be obtained, but for a complete
analysis of plasticity the whole effect of the past strain history of an element of metal
would have to be known. This leads to such complexity that further progress is
impossible unless some simple generalisation can be made to give results of sufficient
accuracy for practical purposes. The general similarity of the (P, e) and the (8, )
curves is well known and it might be suggested that the resistance to further distortion
depends only on the amount of work which has been done on the material since it was
in its initial annealed state. If this were true the quantity « in the expression for
Monr’s and voN Mises’ hypotheses would be a function of the work done ; thus if

)

e A

where [, is the initial length in the annealed state of a specimen subjected to tensile
load, and P is the stress, the total work done per unit volume is

(¢ Pde aQ
Q —jol Te that d(loge)

If s is the shear during a torsion test and S the shear stress,

—(s _ 49
Q -—,{ Sds so that =T

% See NADAI “ On the Mechanics of the Plastic State in Metals,” ¢ Trans. Amer. Soc. Mech. Eng.,” 1929.
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According to Mohr’s hypothesis S = «, and according to vox Mises’ hypothesis 2« /4/3,
so that if « to be a function of Q only, then the (8, s) and (P, e) curves would be identical,
according to MoHR’s theory if log (1 + €) = s and P = 28, or according to vox Misgs’
theory if log (1 + €) = s/4/3 and P = 84/3.

This hypothesis that « is a function of @ only is compared with observation in fig. 14.
The (8, s) curve was found by twisting annealed copper tubes. To find the (P, log (1 -+ ¢))
curve to be expected according to MoHR’s hypothesis the observed values of S were
multiplied by 2 and the observed values of s were divided by 2. For the (P, log (1 + €))
curve to be expected according to voN Mises’ hypothesis the observed values of S were

multiplied by 4/8 and for the corresponding observed values of s were divided by 4/8.

35,004
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Fre. 14.

The results of these operations are shown in fig. 14 together with the values observed
during a direct loading of a similar tube. It will be seen that the observed curve falls
between those predicted by von Mises’ and MorR’s hypotheses. For most practical
purposes therefore it seems probable that it will be sufficiently accurate to assume that
« 18 a function of Q only.

Another assumption for predicting the (P, e) curve from the (S, s) curve has been
made by Napar* who takes ¢ = %s, P = 8 1/3, this leads in the case of copper to a
rather closer agreement with the observations, but as it appears to be purely
empirical there seems to be no way in which this result could be extended to
the more general case of distortion where the principal stresses may have any assigned
ratios. ’

* Ibid.
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APPENDIX.

Experiments with Glass Tubes.

In order to compare the distortion of heated glass with that of metals subjected to
the same type of stress distribution, glass tubes about 40 inches long 0-264 inch external
and 0-192 inch internal diameter were hung vertically from one end. An electric
furnace was placed round the middle portion of the tube and a thick copper tube between
the furnace and the glass served to give an even temperature distribution. The lower
end of the tube was gripped in a fixing at the centre of a torque drum and a direct load
was hung centrally below the middle of the drum. The ends of the glass tube were
ground flat and the internal volume was measured before and after the test by filling
it with water which was retained by a glass cover slip stuck to the tube with Chatterton’s
Compound.

To carry out a test the load and torque were applied while the glass tube was cold.
The temperature of the furnace was then gradually raised till plastic flow began. The
furnace was then maintained at such a temperature that very slow plastic flow occurred.
The total increase in length, 31, and an angle of twist, y, were observed and when 81
was about 035 inches, the furnace was cut oft and the glass allowed to cool.

It was found as in the case of metal tubes that the extension was proportional to the
twist. From the applied load and torque and the internal and external diameters of
the tube the values of P and S can be found. These are given in columns 2 and 3
of Table VI. The value of tan 2 6 = 2S/P are given in column 4. The total angle of
twist, x, in degrees, the total extension, 87 in inches and the increase in internal volume
3v in cubic inches are given in columns 5, 6 and 7 of Table VI.

To find f/e from 3v formula (6) must be used. This formula applies to a thin-walled
tube. In a tube the thickness of the walls of which are not negligible compared with
the radius, the strain f varies with the radius. The value with which we are concerned
is the value of f at the mean radius 7,, so that the ““internal volume ” which comes into
equation (6) must be the volume enclosed by the cylinder which lies half-way between
the inner and the outer wall, thus if [, is the length of the heated portion of the tube (6)
becomes

— v
o= Tl

and since e = 3811,

It will be noticed that I, does not enter into this formula so that it is not necessary
to know how much of the tube is actually undergoing distortion. Using the observed
mean value 7,, = 0114 inches the values of f/e found from (24) are given in column 8 of
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Table VI. It will be seen that they are always very small, the greatest value, namely
0-01, is within the limits of experimental error.

To find ¢, the inclination of the principal axes of strain to the axis of the tube the
values of ¥, 31 and f/e given in columns 5, 6 and 8, Table VI, are substituted in the

tan 2¢ = %""m»<1 + %é)_l <_87_l>

formula the values of tan 24 so found are given in column 9, Table VI.

For comparison the values of 20 and 2¢ are given in columns 10 and 11. It will
be seen that they are equal to one another, the greatest observed difference between them
being only 1 degree.

Relationship between p and v.—Referring to formulee (12) and (17) it will be seen
that a value of f/e = 0-01 makes the factor |

—14-2ffe
Tk

equal to — 0-974, so that the relationship between w and v would in that case be
v/p. = 0974 (cos 2¢/cos 20). The difference of the factor cos 2¢/cos 26 from 1-00
owing to the fact that the measured values of 6 and ¢ are not exactly equal to one
another is as great as the greatest deviation of the factor (— 1 4 2f/e)/(1 +%f/e)
from 1-00. We have already seen that values of f/e are so small as to be within the
limits of experimental error, so that the variations of the measured values of w/v from
unity are due mainly to the deviation of the measured value of 0 from exact equality
— 14 2f/e
T g/le
are given in columns 12 and 13 of Table VI and the results are marked in fig. 1¢
for comparison with the results of experiments with metal tubes.

with the measured value of é. The values of p = — cos 20 and v = cos 2¢

In conclusion we wish to express our thanks to Professor InaLis for allowing the work
to be done in the Engineering Laboratory at Cambridge, to Messrs. THoMAS BoLToN &
Sons for the trouble they took to produce suitable copper tubes for us, to Messrs. AccLES
& PorLock for presenting us with steel tubes and to the Britiss Anuminium ComPANY
for aluminium tubes.

VOL. COXXX.—A. 3B
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TaBLe I.
Annealed Copper Tubes.

Name of Tube. E. Jy IIL. C. G. Jo A. F
Maximum load W 1bs. 674 674 674 674 674 674 576 575
m* ... ... 0-0252 0-28 | '0-b15 0-65 0-80 0-90 0-95 0-7
14e . ... .. 1-120 1-150 1-117 1-117 1-126 1-150 1-185 1-09
Py lbs./sq. in. . . .| 31,580 | 32,200 | 31,450 | 31,450 | 31,600 | 32,200 | 28,000 | 26,200
' Ibs. *p . . . . .. 4-65. 4-52 3-98 3:62 2-70 2:0 1-00 2-9
S Ibs./sq. in. = 3210 (1 4- e)ip 17,700 17,440 | 15,100 | 13,720 | 10,380 7,940 4,170 | 10,600
tan 20 = % 44-5 4-02 1-87 1:344 | 0-820 | 0-557 | 0-314 1-160

[
© y, degrees/d! inches 37,000 3,700 1,680 1,220 782 561 350 1,068
d inches/81 inches 52 27-4 15 0 14-0 11-3 772 5-0 12:2
fle =0-0037 (1 + e,) S‘% 0-215 0-117 0-062 | 0-0578 0-047 0-033 | 0-0218 | 0-0492
, _ 000123 (1 +e) % x . . . . . . .389 1~216
tan 2¢ = T 177 X 5i 377 394 1-883 1-368 | 0-880 | 0-616 | 0-38
Annealed Aluminium Tubes.
Tube reference. VI. II1. II. IV. V.

Maximum load Wlbs. . . . . 305 305 305 305 305

M e e e e e . 0-1 0-3 0-6 0-81 0-95

T+e .. .. ... 1-07 1-065 1-08 1-08 1-07

Polbs./sq.in. . . . . .. 13,600 13,600 13,700 13,700 13,650

plbs. . .. ... 2-17 2-15 1-75 1-32 0:-72

S = Ibs. /sq. in. = 3190 (L +-eo)ip . .| 7,670 7,550 6,270 4,750 2,540

tan 20 =7n2§ ..... 11-30 3-690 1-525 0-855 0-393

0

y, degrees/dl inches . . . . . 1,093 3,300 1,265 800 342-5

d inches/dl inches . . . . . 48-8 48-0 32-0 21 875

fle = 0-00355 (1 - ¢5) 5% 0-1855 0-1815 0-123 0-0804 0-0332

__0-00126 (1 4-e))~F % . . . . .
tan 2(}5 = T+37)e X 5§ - 11-83 3-60 1-416 0-915 0-407
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Table I. (continued).

Mild Steel and Decarburized Mild Steel.
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Annealed Mild Steel. Decarburized Mild Steel.
Name of Tube.
1. II. I1I. IV. V. VI. VII. IX.
Maximum load W lbs. . . 931 942 | - 927 952 T44 41 744 744
Moo v v e e e e 05 0-9 0-1 0-7 0-5 0-9 0-3 0-7
1+4e .. .o .. 1-035 1-038 1-035 1-04 1-04 1-04 1-04 1-04
P, lbs./sq.in. . . . .| 38,500 | 39,100 | 38,400 | 39,600 || 30, 900 | 30,800 | 30,900 | 30,900
plbs. . . 6-30 3-30 7-30 5:70 5.4 3:25 5-8 44
S1bs./sq. i = — (3112) (1 - ,)t p| 20,600 | 10,800 | 23,500 | 18,800 | 17,900 | 10,650 | 18,800 | 14,500
tan 20 = ”?E e e 2:14 | 0-614 12-2 1-35 2:30 0-77 4-06 1-33
¥ degrees/3l 1nches ... 2100 600 | 11,300 1,175 1,860 750 | 3,700 1,125
d inches/dl inches . . . 247 18-5 45 22-5 247 19-2 30| 19-25
fle =0-00373 (1 4 ¢,) gl . .| 00955 | 0-0717 0-17 | 0-0874 || 0-0956 | 0-074 | 0-117 | 0-0746
_0:00122(1 +e)7t, x| o . . . . .85 . .
tan2q$- 114/ X 5i 2:37 | 0-686 12-0 1-325 2:10 0 4:10 1-285
Cadmium
Lead Tubes.
Tube.
Name of Tube. I II1. III. I
Max1mum load Wilbs. . . . . 52 52 52 140
........ 0-5 0:5 0-7 0-5
(1 —l—eo) ....... 1-01 1-01 1-02 1-0156
Polbs./sq.in. . . . . .. 2,650 2,650 2,650 5,880
plos. . . ... .. 0-431 0-430 0-268 0-75
S 1bs./sq. in. = 3830 (1 +eo)ip . . 1,662 1,660 1,062 2,940
tan 20 =;h2'§' ..... 2-51 2-50 1-91 1-670
0
% degrees/dlinches . . . . . 2,000 2,000 945 1,525
d inches/dlinches . . . . . 10 10 8 75
fle = 0-000307 (1 + ¢,) % e 0-0356 0:0356 00288 0-0270
_0:00124 (1 + ¢~ _ . . .
ta,n2qS-— T+if/e XSZ 2:40 2:35 1-14 1-800
3 B2
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Tasre II.
Comparison of Values of 6 and ¢.

Annealed A. C. Copper Tubes.

Name of Tube. E. J;. I11. C. G. J, A. F.
20 (degrees) . . . . . . 88-8 76-0 61-9 534 39-4 29-1 17-4 49-3
2¢ (degrees) . . . . . . 885 75-8 620 53-8 41-4 31-6 21-3 50-6

Annealed Aluminium Tubes.

Name of Tube. VI. II1. II. IV. V.
] 85-0 74-8 567 40-6 215
. 852 745 54.-6 425 22-1

Mild Steel and Annealed Mild Steel.

Name of Tube. I. II. II1. ‘ Iv. l V. l VI. VII. VIII.
20 ... oo 65-0 31-6 85-3 53-5 665 37-6 76-2 53-2
26 . ... oL 67-1 34-2 85-2 53-0 646 40-4 76-3 52-2
Lead Tube. Cadmium
(Prepared from pure lead in suitable die.) Tube.
Name of Tube. I 1L \ I1I1. l ' I
20, .. .00 68° — 12/ 68° — 12’ 50° — 24’ 59° — 6’
20. oo oo 67° — 14’ 66° — b4’ 48° — 42/ 61° —0
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Tasre III.
Annealed Copper Tubes.
Reference. E. Ji IIT. C. G. J, A. F.
w=-—cos20 . . .|—0-021 |—0-242 |—0-471 |—0-597-|—0-773 |—0-874 |—0-954 |—0-652
y= =220 o 04 | -0-011 |—0-171 |—0-393 |—0-502 |—0-659 |~0-775 |—0-876 |—0-554
1+ %fle
Annealed Aluminium Tubes.
Name of Tube. VI. I11. II. IV. V.
pw=—cos20 ... — 0-087 — 0-262 — 0-549 —0-759 — 0-930
y==Lt2le oi05 . | — 0046 | —o0-168 | — 0405 | — 0-589 | — 0-845
L+3fle
Mild Steel and Decarburized Mild Steel.
Name of Tube. 1. II. I11. IV. ’ V. ‘ VI. . VIL \ VIII.
m=—cos20 .. .|—0-423 |—0-852 |—0-082 |—0-595 |—0-399 |—0-792 |—0-239 |—0-599
’v=:1—1—_;_l—_%-%§fcos 26 .|—0-296 |—0-677 |—0-0495|—0-470 |—0-325 |—0-618 |—0-170 |—0-498

THE ROYAL
SOCIETY

OF

Lead Tubes. Cadmium
Tube.
Reference. I. 1I. II1. I.
p.I—-—-2co/s 20 . . . 0-372 0-371 0-637 0-5135
— =142 . ) . )
y = l—l-{";f/e cos2¢ . 0-348 0-356 0-61 0-450
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360 @. I. TAYLOR AND H. QUINNEY ON
Tasie IV.
Copper Tubes.
Reference. E. J.. IIL. C. G. Ja A. F.
Mmoo 0025 0-28 | 0-515| 065 | 0-80 | 0-90 | 0-95 | 0-70
8Py . .. .. 0-560 | 0-541 | 0-480 | 0-436 | 0-329 | 0-247 | 0-149 | 0-405
1 — m* 0-577 | 0-554 | 0-495 | 0-438 | 0-346 | 0-251 | 0-180 | 0-412
1 ‘;mz ".| 0-500| 0-480 | 0-428 | 0-380 | 0-300 | 0-218 | 0-155 | 0-357
Aluminium Tubes.
Reference. VI. II1. II. IV. V.
Mmoo 0-10 0-30 0-60 0-81 0-95
SPo. . . .. .. 0-564 0-555 0-458 0-347 0-186
\/1 ‘;mg ..... 0-574 0-550 0-461 0-337 0-180
1 — m2 . .
N 0-498 0-477 0-400 0-292 0-155
Mild Steel and Decarburized Iron.
Reference. L IL. L | IV. V. VI | VIL | VIL | IX.
m.... 05 | 09 | 01 |07 |05 |09 | 03 | 07 0-4
, 0-55
8Py . .. 0535 | 0-216| 0-612 | 0-474 | 0-579 | 0-345 | 0-608 | 0-469 {0‘56
. ' 0-56
\/1;”‘ . .| 0500 0-251| 0-574 | 0-412| 0-500 | 0-251 | 0-550 | 0-412 | 0-53
\/1;4”15 | 0-433| 0-218| 0-498 | 0-357 | 0-433 | 0-218 | 0-477 | 0-357 | 0-46
Tead Tub Cadmium
e upes. Tube.
Reference. 1. 2. 3. 1.
mo. ... 0-5 05 0-7 0-5
SPo. . . ... 0-622 0-622 0-421 0-417
e 0+50 0-50 0-412 0-50
/ . "
N/ Llﬁ . 0-435 0-435 0-375 0-435
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TaBLE V.
mA/1+tan?2¢ | mA/1 075 tan?2¢
tan 24. [=1-00 Mour’s Hypo-| [=1-00 vox MisEs’
thesis]. Hypothesis].
3-94 1-138 0:995
1-883 1-097 0-985
1-368 1-101 1-008
1-216 ' 1-102 1-016 Copper
0-880 1-060 1-005
0-616 1-057 1:020
0-389 1-020 1-001
Mean 1-082 Mean 1-006
11-83 1-183 1-029
3+60 1-121 0-983
1-410 1-040 0950 Aluminium
0-915 1-097 1-031
0-407 1:024 1-007
Mean 1-093 Mean 1-000
© 01 12-0 1-205 1-039 :
05 2-37 1-286 1-141 Annealed
0-7 1-325 1-141 1-067 Mild Steel
0-9 0-686 1:090 1:046
Mean 1-144 Mean 1-059
0-3 4-10 1-266 1-106
05 2-10 1-163 1-038 Decarburized
0-7 1-285 1-138 1-047 Mild Steel
09 0-85 1-180 1-115
Mean 1-187 Mean 1-078

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF



http://rsta.royalsocietypublishing.org/

Downloaded from rsta.royalsocietypublishing.org
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TasLe VI.
Glass Tubes.

»—;\\4 Tube No. Ibs. sq. in. | Ibs. sq. in. |tan20=28/P. % degrees. 3l inches. | dv cub. inches.
<

>
8 =~ 1 127 214 3-3b 1035 0-418 -+ 0-00006
e = 2 127 179 2-80 1095 0-550 -+ 0-00006

— 3 127 170 2-70 638 0-330 — 0-00030
Eg 4 162 51-2 - 0-632 137 0-296 -+ 0-00024
=uw
= S v
< . Lm o — 0 tan 2¢. 26 d .12 . . .
§§ Tube No . 57081751 an 2¢ 0 degrees. | 2¢ degrees 7 v
o

QOuw

85,0 1 — 0-0017 3-30 73-4 73-1 — 0-28 | — 0-290
Oz 9 — 0-0013 265 70+4 69-4 — 033 | — 0-353
E§ 3 -+ 0-0111 2-57 69-7 68-8 — 0-347 — 0-351
O b= 4 — 0-0099 0-615 0 32-3 31:6 — 0-845 — 0-872
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